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Abstract:

In this paper, we study the Young type inequality and the generalized convolution transform for the
discrete-time Fourier sine generalized convolution. Solution in closed form for some clases of the Toeplitz
plus Hankel equation related to the discrete-time Fourier sine generalized convolution are considered.
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1. Introduction

The discrete-time Fourier transform is a
transformation that maps discrete-time signal x(n)
into a complex-valued function of the real variable,
namely [1, 2, 3].

X():= Fpp {x(n)} () = ix(n)e‘““" eC, meR.

The discrete-time Fourier convolution of x(n)
and y(n) is a sequence, denotes by (x ;y) and be
defined as follows [1, 2]

@)= % x(mymn—m), nez. (L)

However, particular case of discrete-time
Fourier transform is a discrete-time Fourier cosine
and discrete-time Fourier sine transforms have not
been studied.

Recently, we studied discrete-time Fourier

cosine transform on N, (see [4])
XA®):= Fop (r(0} (@) = 5+ 3 x(n)cos (na),

®e[0,7]. w2

equipped with anormin /,(N;),1 < p < oo,

(' (O)‘p+§| ()|P) <oo, 1<p<oo

(1.3)

Constructed the commutative convolution has
the form (see [4])

(x F:;[y) (n) = w§1X(m) [y(n+m)+y(n—m)]+x(0)y(n),

neN,.

lx[l,:=

(1.4)
which has the following property
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Fopr {(x P N (M)} (@) = 2Fpp {x(n)} () - F,
v e [0,7]

eor (1)} (@)

(1.5)
Here, we will establish Young type inequality
for the convolution on N, with the sharp constant in
two important casesp =g =1 andp =g =2.
The Toeplitz plus Hankel integral equation is
of the form (see [5, 6])

f)+ f [k (x + ) + ey (x = )]x(m) = g(n), VxeR.
(1.6)

here g, k, k, are given and f'is a unknown function.

1772
When in discrete form, the equation (1.6) has
the form

x(n)+ go[kl (n+m)+ky(n—m)]x(m)=g(n), neN,.
(1.7)

with &, k, g are given and x is a unknown sequence.

127722

For other examples of discrete-time Toeplitz-

Hankel equations that can be solved in closed form

see [2]. A special case of equation (1.7) with the

Toeplitz kernel k, (n) = k(|n[), and the Hankel kernel
k, (n) = k(n) has been studied in [4]

x(n)+ 2Lk G+ m)+k(n = m)lx(m) + x () k(n) = g ),

neN.
(1.8)
Under certain conditions, the equation (1.8)
has the unique solution in / (N ) (see [4]).

2. Discrete-time Fourier sine transform and
inequalities

The discrete-time Fourier sine transform of a
sequence x:= {x(n)},>, is defined by
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X(@) = Fyr fx(m} (@):= X x(m)sin(r),

o <€ [0,7] 2.1)
with a norm in 12 (Ny),1 = p < oo its subspace of
(1.3) when x(0) = 0.

Obviously, if x € I)(N,), then X, € L_,(0,T),
and || X,||.<||x||,. And if x€)(N,), then
X,€ L,(0,), and the Parseval formula for the
discrete-time Fourier sine transform yields

2 .
xlls =115 (22)

Definition 1. The generalized convolution x *y of
sequences x and y for the discrete-time Fourier sine
and Fourier cosine transforms is defined by

(x*y)(n) = glx(M)[y(l n=ml|)=y(n+m)], neN,,
' (2.3)
if series converges for any n = 0.

Theorem 1. If x € /5(N,) and y € [,(N,). Then
the discrete convolution (2.3) belongs to the space
1° (N,), and moreover,

[x*yllo =210 x|l ]|y ]l2,limCx * y)(n) = 0. (2.4)

n— oo

The following Parseval formula holds

(c* ) (n) = n/X(oa)Y(co)sm(n(D)d(D n=>0.
(2.5
Theorem 2. (A discrete Young'’s type theorem).
Let p, g, r > 1, satisfy the condition x € /,(N,),
yELM), hel, (M), ~+L+L =2 andx0)=

P q
h(0) = 0, then

gl(x*y)(n)-h(n) <]y 000) 1Y o) 1A L) -

Corollary 1 (A4 discrete Youngs type inequality).

Let p, g, ¥ > 1, satisfy the condition %—i—% =1 + 1

Let x € lg(No), yel,(Ny), then (x*y) € I} (N),

and morever [[x *y [, <[[x|[, (][,

Theorem 3. Assume that x € I] (N,), y € [, (N,)
and x(0) = 0. Then (x*y)el}(N,), and
factorization equality holds
Fpr {(x* y) ()} (®) = 2Fpp {x(m)} (®) - Fopr {y (1)} (),
vo € [0,7]. (2.8)
Moreover,
lx* il =21xl[ [yl (2.9)

The equality holds if both x and y are nonnegative
(nonpositive) sequences.

3. A discrete Toeplitz plus Hankel equation
We consider the Toeplitz plus Hankel equation
x(lnl)+ Zx(m) [k (n+m) +ky(n—=m)] = g(n), n € Z,
" 3.1)
in case the kernel sequences k,, k, are arbitrary
and right-hand side satisfies a certain condition.
Namely, we obtain the following theorem.
Theorem 4. Given that g, g, ki, ky € [[(Ny),
2(0)=0,g=g t+g,, and satisfy the conditions
1+2F 50 {(k + k) ()} () #0, Yo €[0,7],
(3.2)
and
am=(((& )" &) k)|, 33
here I € [, (NO) is defined by

_ For {(k1+k2)(”)}(03)
For 1} () = T8 4G+ k) ()} (@)

Then the integral equation (3.1) has the unique
solution in / € /; (N,), which is of the form:

x() =g, = (2 % [)(n).

Proof. Extend g, to the whole Z as an odd sequence,
X, g, as even sequences, and extend g to the whole
7 by the rule g(n) = g, (n) + g, (n). Equation (3.1)
can be rewritten in the form

x(nD+ g ARt +h(nm)

Th(n—m)+k(n—m)]+ [k(n+m)

—k(ntm))=k(n—m)

+hk(n—m|)]}x(m)=gn), n€L. (3.4)
Applying the discrete-time Fourier transform
to both sides of equation (3.4) and note that
For{h(m H(®) = 2F 5 {h () }(®), @ € [~ T, 7],
if h is even sequence, FDT{h(n)}((D)
=2F {hm}(®), we[-mn,n] if & is odd
sequence. Using equations (1.4), (1.5) and Theorem
3, we obtain

2F pr {x(n)} (@) T 4F pr {x (1)} () Fopr {ky (n) T Ky (n)} (@)

+idFypp {x(n) } () Fopr {h (n) = ky (n)} (@)

=Fpr{g(n)} (@),

we[~m,m]. (3.5)

Recall that g(n) = g (n) + g,(n), where g, , g,

respectively are even and odd components of g.

Therefore x is a solution of equation (3.5) if and

only if the both of following conditions are satisfied
Fopr {x(n)} (@) + 2F,pp {x(n) } (©) Fpr {ky (1) + ky (n) } ()

= Fpr{ g (n) H(w), (3.6)
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and

2Fpr {x () }(@) Fop ki (n) = ky () } ()
= F;DT{gl (”)}(C’))

Equation (3.7) can be rewritten in the form

Fopr{x(n) } ()

3.7

2F pp1 ki (n) + ®
by e @y 1 -2tk () k() (@) )

(3.8)
In virtue of the Wiener-Levy’s type Theorem
for Fourier cosine series (see [4]), by the given

condition (3.2), there exists a unique sequence
/€ [,(N,) such that

ch'{kl (n) +k (”)}(03)
1+ 2F 5 {ky (n) + Ky () } (@)

Therefore, from (3.8) we have

Epr{lm}(®)=

Fopr {ix(m)} (@) = 2F,pr {g, (M)} (©) [1 = 2F pr {1(n)} (®)].

Derive

x(m) =g (g * D0), n& N. (3.9)
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Substitute (3.9) into (3.8) we have

2(For{@ 0} (@)= For{(g: * DONH®))Fr.
Ak (n) = k,(m H )

:_F;DT{gl (”)}(03),

or

For{(* (k= ky))(m } (@)
“For{((@ 3 D* i~ k) }(@)
== Fpr{gm}(o).

Therefore,

200 =(((& 2 D =) * (ki — k) )(n),

neN.

From (3.5), (3.6), (3.7) and (3.9) we obtain solution
of equation (3.1)in /€ [, (NO) in this form
() =g~ (& D@, nel.

The proof is completed.
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BAT PANG THUC TiCH CHAP SUY RONG FOURIER THOI GIAN ROI RAC
VA PHUONG TRINH TOEPLITZ CONG HANKEL

Tém tit:

Trong bai bdo nay, chiing t6i nghién civu bdt ddng thire kiéu Young va bién doi tich chdp suy réng cho
tich chdp Fourier sine thoi gian roi rac. Ung dung giai mét 16p phiong trinh Toeplitz cong Hankel lién

quan toi tich chdp suy rong Fourier toi gian roi rac.

Keywords: Chuoi Fourier cosine, Chuoi Fourier sine, Tich chdp roi rac, Bat dang thirc Young s roi rac,

Phwrong trinh Toeplitz cong Hankel roi rac.
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