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Tém tit:

Trong bai bdo nay sé trinh bay vé mot so xap xi Trotter Kato va xdp xi Yosida cua nira nhom cdc

todn tir lién tuc manh (T( t )>t20

trong khong gian Banach va moi quan hé cua nira nhom lién tuc manh voi

toan tir sinh cua no. Bai viét s dung tinh chat bi chan ciua nira nhom lién tuc manh va mot so tinh chat cia
toan tir sinh cia no va gidi thirc chirng minh tinh hgi tu va hoi tu deu cua ddy cac nika nhom.

Tir khoéa: Nica nhom lién tuc manh, todan tir sinh, khong gian Banach.

1. Pit van dé

Xap xi, nhidu loan 1a nhiing phuong phap
chinh dugc sir dung dé nghién ctru toan tir phirc
tap va nira nhom n6 sinh ra. DSi voi mot toan tir
(A,D(A)) trén X thoa mian cac didu kién Hille-
Yosida trong dinh 1y vé toan tir sinh, ta xac dinh xap
xi Yosida (bi chan)

A, =nAR(n, 4),
sinh ra cac nira nhém (lién tuc déu) (e),-,, v6i
R(n,A)=(nI—A4)",n €N.

Str dung sy kién 4, — A theo timg diém trén
D(A) khi 7 — oo c6 thé ching to rang cac nira nhom
cling hoi ty, tic la

e — T(#) khi n — .

Trong bai viét nay s& dua ra mot s6 cong cu
nghién ciru cac tinh chét hoi tu va xap xi cua nira
nhom mot cach co hé thong va xét mdi quan hé giira
ba ddi twong: nira nhom, toan tir sinh va giai thirc.

2. Cac dinh Iy xép xi Trotter_Kato
2.1. Pinh nghia

Mot khéng gian con D ciia mién xdc dinh
D(A) ciia mot toan tir tuyén tinh A:D(A) S X - X
dwoc goi la mot 16§ déi véi A néu D 1 triv mdt trong
D(A) véi chudn do thi ||x|, = || x| +]|Ax]|.

2.2.Bo dé

Cho Ava B la cdc toan tir sinh cua nita nhém
lién tuc manh ( (¢ )) ., v (S( t )>¢zo twong ung.
meera;tEp(A P(B) ta cé

)
R(A,B [T —S(¢ )] (A,4)x=
:Js(t—s)[R(/’t,A)—R(A,B)]T(s)xds

o day, p(A) = {A e K|[(M—A4)" 3 valién tuc }.
Chimgminh:Véix € X va A € p(4)n p(B)
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, ham gid tri s — S(¢—s)R(A,B)T(s)R(A,4)x 1a
kha vi.

Xét mot toan tir don gidn
4 15(1—5)R(A.B)T(s)R(A.4)x]
S(t=s)[-BR(A,B)T(s)+R(A,B)T(s)AIR(A,4)x
=5(t—s)[R(A,4)—R(A,B)] T(s)x
& day st dung tinh chat R(A,4)T(s)x=
T(S)R(A,A)x.

Twr d6 suy ra
[ S(t=s)[R(A,4)— R(A,B)] (s )xds =
0

S(t=s)R(A,B)T(s)R(A,4)x |
R(A,B)[T(t)—S(t)]R(A,4)x

2.3. Pinh Iy x4p xi Trotter Kato thir nhit
Cho (7(1)),_, va (T,(1))_, (n €N) la cdc

nita nhom lién tuc manh trén X voi cac toan tir sinh
Ava A, tuong ing, va gida thiét r&ng chung thoa man
danh gia |T(¢)ILIT,(2)]| < Me® vt=0,ne N va
cdc hang s6 M= 1,0 € R.

Cho D la mét 16i doi véi A va xét cdc khing
dinh sau:

(@DcD(4)vneNva A,x - AX VX €D

(b) Véi méi x € D, ton tai x, ED(A,”) sao
cho x, — x va A,x, - Ax

(©) R(A,4,)x — R(A,4)x véimoi x € X va
voi moi A > @

(d) Zl(t)x - T(t)x véimoi x € X, déu voi t
trong cac khoang compact.

Khi do ra suy ra (a) = (b) = (c) = (d)
dung, trong do (b) la khong suy ra (a)

Chitng minh:
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(b) 12 hién nhién
(¢) cho A > wtacd
IR(A4,)| <72 vneN
Cho x &€ D va xac dinh y=(A—A4)x, y
thudc khong gian con tra mat (A1 —A4)D.
Theo gia thiét tir (b) ton tai (x,) C D(4, ) sao
cho x, - xva 4,x, - Axdodo y, = (/ll—An)xn -y

(@)=
(b) =

Xét danh gia
IR(A.4,)y=R(A, A< |R(A.4,)y = R(A.4,),]I*
HIR(A.4,)y,~R(A.4 )y|
IR ANy = pall+ I, — ]|
do x,—x, y,—y suy ra R(A,4,)y—R(A,4)y
voi moi y € (A —A4)D. Do (Al—A4)D la khong
gian con tril mat nén n6 van diing véi y € X .

(c) = (b) dbi voi ye(AI—A)D sao cho
x =R(/1,A)y va x,= R(/'L,A")y, A>w
¢d dinh va nhan xét ring x,—x vi (c) va
AnanAnR(l,An)yZ lR(l,An)y—y hoi ty toi
AR(A,A)y—y suyra A,x, — Ax.

(d)=
R(A,4) —f e T (0)dt voi A > @.

0

voi

(c) tir biéu dién tich phan cua giai thirc

Ta co o

IR(A,4)x~R(A,4,)xl < | e *|T(t)x~ T, (0)x]|de
0

Do T,(t)x — T (f)x va do dinh 1y hdi tu bi

chan cua Lebesgue suy ra
R(A,4,)x — R(A,4 )x

(c) = (d) véi x cb dinh va mot khoang
0<t=T

Xét
(7, ) = T@)R(A, x| <[| T, () R(A,4) = R(A, 4, )x]|
HIR(A,A,)(T, () — T(0)x| +
HIR(A,4,) = R(A, )T (0)x|
=D +D,+D,

Do ||7,(¢)| < M.e” véi 0<t<T, do gia
thiét (c) suy ra D, — 0 khi n — oo déu trén [0,T].

Ciing vay, do ¢~ T( t )x la lién tuc, tap
{T( fx:0<t< T}compact trong X va do d6 D, —
0 khi 7 — oo trén [0,T].

Cudi ciing st dung bd d¢ 2.2 v6i B =4 ta c6
IRCA A0 = TORA. A <

f||(

T

=/,

*

=) IR(A,4) = R(A,A4,)) T(s)x]||ds

(1= $)IIR(A.A) = R(A A)) T(s)x|ds
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Ham dudi dau tich phan bén phia phai la
bi chan boi 2MPe™ (A —w) x| vi |7, (1—s)| <

M.e”" < M. |R(A,4)—R(2,4,)| <
2M(A—w) ', | T(s)| < M.e”",
suy ra

2M° ™7 ||x]|

(A-w)
no tién t6i 0 khi n — oo boi dinh 1y hoi tu bi chan
cua Lebesgue vé bén phai (*) tien tdi 0 va do do
lim|| R(A,4,)(7, ()= 7(1))R(A.,4)x] = 0 (+*) va
gidi han trong (**) la déu trén [0,T]. Do d6 v6i moi
xeD(A4)cothéviétla x=R(A,4)z véiz € X. Ta
suy ra rang tir (**) rang véi x € D(A) khi n — oo
déu trén [0,T]. Tir d6 suy ra v6i x € D(4) ta ¢6

lim|[(7, ()= 7(1) )] = 0
va giéi han trén la déu trén [0,T]. Do

|7, (#)— T(¢ )| 1a bi chan déu trén [0,T] va do D(A)
la tra mat trong X ta suy ra gioi han trén ding voi
moi x € X déu trén [0,T].

17, (£ = )| IR(A,4) = R(A,4,) T(s)x] <

2.4. Pinh Iy x4p xi Trotter_Kato thir hai

Cho (T(1))., neN la cic mia
nhom lién tuc manh trén X voi cdc toan tir sinh
(An ,D(An)) twong iing théa man diéu kién on dinh
I7,(¢)] < M.e” véi cic hang s6 M > 1,0 € R va
voi moi t=0,n € N. Véi Ay > @ xét cic khing
dinh sau.

(a) Ton tai cdac toan tw xdc dinh tru mdt
(4,D(A4)) sao cho A,x — AX voi moi x trong l6i D
ciia A va sao cho mién gid tri rg()LOI—A) la tru
mdt trong X.

(b) Cdc toan tir R(Ay,4,) n€N la hgi ty
manh toi mot toan tir R € L(X) véi mién gid tri tru
mat rgR.

(c) Céc mica nhém (T,(¢))_ neN la hoi
tu manh (va déu) Voi t € [O,to] toi mot nira nhom
lién tuc manh (T( t ))tZ() voi toan tir sinh B sao cho
R=R(A,B).

Khi do ta suy ra (a) = (b) = (c) . Ddc biét
néu (a) diing thi B = -A.

Churng minh:

Khong lam mit tinh téng quat sau khi thay
ntra ném da cho boi nira nhom diéu chinh lai, chi
can xét cac ntra nhom bi chin déu.

(a) = (b) Nhu ching minh ¢ trén, chi can
ching minh sy hoi tu cta day (R(/IO ,An>y>neN vGi
y= (AOI—A)x x € D. That vay, do

R(A0.4, )y =

= R(Ao.A,)| (AT~ 4,)x = (AT =4, )x+(Ao1 - 4)x]
=x+R(Ay,4,)(4,x—Ax)—x =Ry (vi gia thiét
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A,x - Ax vo61i moi x € D) khi n — oo. Hon nita
rgR chira D, do d6 nd tri mat trong X.

(¢c) = (b) do dinh 1y 2.3

b)) = (c) s¢ thu dugc mot gia
giagi thic {R(A):A>0} xic dinh boi
R(A)x = iimR(l,An)x x € X. Gia giai thic nay
thoa min, véi moi A > 0. [AR(A)|< M va vi
R(A) =1imR(A,4,), |A'RAAY|<M voi moi
ke N.

Hon nita, n6 c6 mién gia tri tru mat
rgR(A)=rgR. Do d6 ndé cho sy ton tai cla
mot toan tor xac dinh tru mat (B,D(B)) sao cho
R(A)=R(A,B) véi A > 0. Hon nira toén tur
nay toan tir nay thoa man danh gia Hille-Yosida
IA*R(A,BY| < M v6imoi ke N.

Do d6 sinh ra mot nira nhém lién tuc manh
bi chan (T(t))tZO voi toan tir sinh B sao cho
R(A)=R(A,,B).

Budc cudi cing can chimg minh néu (a)
dung thi suy ra 4 = B.

Do R(Ay,B)= R.Tac6: R(A,,B)(A,]~A)x
=xvdimoi x € D.

Tuy nhién, D 1a mot 16i d6i voi 4 va do do
R(Ag,B)(Agl—4 )x =x véimoi x € D(4).

Tir diéu nay suy ra rang A, khong 1a mot gia
tri riéng xAp xi ciia 4. Hon nita rg(A,/—4) la tru
mat trong X boi gia thiét, do d6 A, khong phu thude
vé phé du ctia 4. Do d6 A, € p(4) va ta thu dugc:
R(A¢,4)=R(A,,B) thcla A=B.

3. X4p xi Yosida

Cho (A,D(A)) la mot toan tir trén X thoa
man cac diéu kién cua dmh Iy vé toan tir sinh v6i
mdi n € N, x4c dinh x4p xi Yosida

A, =nAR(n,4) € L(X)

Nhan xét:
Cictoantir 4 , n € N la giao hodn véi nhau.

Tai liéu tham khao

Tinh qha‘it ndy cho phép chimg minh doq gian va
truc tiép mot budc cot yéu trong dinh 1y xap xi 2.3.
3.1. B dé:

Cho (T(1)) = va (T,(1))_, n€N la cdc
nira nhom lién tuc manh, voi cdc toan tir sinh tuong
ung la (4,D(A)) va todn tir sinh bi chan A . Hon nita
gia st rang (T(t)),, va (Tn( t ))PO théa man diéu
kién on dinh:

ITOINT, (0| < M.e” voi 1= 0
va AT(t) =T(HA4,
véi moi n € N v t > 0. Néu A,x — Ax véi moi x
trong [6i D cua A, thi T, (t)x — T(f)x véimoi x € X
déuvéite [O,to]

Chitng minh: V&i x € D van € N, ta co

(1 )x— ——f%[ﬂ(t—S)T(s)x]ds
= f T (t—5)(A4, — A) T(s)xds
—fT(t—s)T(s)(Ax Ax)ds

do do

1T, (¢ )x = T(2)x|| < . M*e* | 4,x — AX|

suy ra

T.(H)x — T(H)x

3.2. Cong thirc xap xi dau tién:

Cho (T( t ))tZO la mot nira nhém co lién tuc

manh trén X voi todn tr sinh (A,D(A)). Khi d6 toan
t bi chan

T(1/n)—1

Xap xi A trén D(A) sinh ra mdt nira nhém co
(€)=, do d6 ta thu dugc cong thirc xap xi suy ra
sau day.

3.3. H¢ qua: Voi dinh nghia trén ta co:
T(H)x = lime ™. """

n— oo

voi moi x € X vd déu véi t trong [0,¢].
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APPROXIMATION TROTTER_KATO OF C, SEMIGROUP

Abstract:

In this paper we will state about some Trotter-Kato approximation and Yosida approximation of
strongly continuous operator semigroups and its generators. The paper used boundedness of strongly
continuous semigroups and the property of generator and resolvent prove that convergence and uniform
convergence of semigroups.

Keywords: Strongly continuous semigroups, generators, Banach space.
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